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The Koszul formulae for graded
Lie - Cartanpairs (Super BRS operator)

DANIEL KASTLER (*)
Departmentof Mathematics

ThePennsylvaniaStateUniversity
UniversityPark,PA 16802,U.S.A.

Abstract. This note is a sequel to the paper jl] codifying the Z/2.graded(i.e.
fermionic) differential calculus within the frame of ~cgradedLie-Cartan pairs.~.
We here present in this frame the Koszulformulaefor the generalizedexterior
derivative, resp. the generalizedcovariant exterior derivative. The latter yields
in particular thecohomologicalaspectoftheauperBRSoperator.~.

§ 1. INTRODUCTION

In the sequel of § 1 we recall the facts about graded Lie Cartan pairs (cf.
[1] for details) which are needed for displaying the Koszul formulae treated

in §2.
We recall that a graded Lie-Cartan pair is a pair (L, A ) of a Lie superalgebra

L, and a supercommutative(1) algebraA, with, for ~EL anda EA, two bilinear
products~aE A anda~E L, the first correspondingto an action of L as deriva-

tions (2)ofA:
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(1) I.e. A = A
0 ~A1 with A’A’ CA1~1,and ba = (— l)11ab, a EA, b EA1, i,j EZ/2.

A is supposedto have aunit

(2) In the gradedsense,i.e. sumsof even derivationsand odd antiderivations.(1) defines

a homomorphisni:A-~DerAof Lie superalgebras.
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(1.1) A a-~~aEA,~EL;

whilst the secondyields aleft unital A-module structure(3) of L:

(1.2) ~EL-+aEEL,aEA;

this moreoverwith the two properties

(1.3) a(~b)=(a~)b,a,b EA, EEL,

and(4)

(1.4) [~,a7j=(—l)~a[~,n]+(Ea)i~, ~EL,~EL, aEA.

The generalizedexterior derivative ~ is as follows: it actson the direct sum of

graded-alternaten-formson L with valuesin A;

(1.5) A*(L,A)= ® A°(L,A),

n EIN

(A°(L,A) =A),

equippedwith the graded wedge product (5) A, and with the total grading of
forms,where thegradedwedgeproductis given as follows in low N-grade:

IaEA°(L, A) =A,pEA
1(L,A)

(a A ~) (~)= (— 1)~”ap(~),.~
~EL

p ,(~ EA1(L A)
(1.6) (— 1 )a~~ (~ A ~ ~ ~ = (—

1)a0~2 ~ ~1 ~2 ~2 ~‘{~:,~:E L

— (— 1 )8t~(8t,+ ~ ~

whilst the total grade of a E A°(L, A) is ôo~= n + ~a, ~ the intrinsic grade,

givenby

~ EEL.

(1.7)
whenevera(~,..,

(3) I.e.a ~is bilinear,b(a~)= (ba)~,and ‘A ~ = ~, ~EL, a, b EA.

(4) For a gradedvector spaceE = E
0 e~E1, we denoteby E the set U E~of homo-

geneouselementsand by ax thegradeofx EE (x = i mod 2 forx EE’).

(5) Making A*(L, A) a supercommutative algebra for the total grading (cf. Ii]). For the
generalexpressionof the gradedwedgeproduct,see [1], (4.3,4).
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.5 is then definedas follows: it is the sum 6 = + dA of two grade-onederiva-

tions (6) of A*(L, A) of N-gradeonespecifiedby their actionsin N-grade0 andI

given as follows: one has,for a E A°(L,AY = A~,a EA(L, A), and~ ‘~2 E L~:

(6
0a = 0

(1.8)

= —a([~i

(dAa) (~) = (~1)a~~aoa~a

(1.9) (d A a) ~ ‘ ~ = ~ 1)~’a~n~{a(~2)}

— (— 1 )aE. (a0a+ at, )~2{a(~1)}

The requirenents(7) and (8) determine6,,~and dA stepwisefrom A~(L,A)

to ~
1(L, A); 6 is a differential in the sensethat 62 = 0 (7). In additionto

.5 we shall needthe inner product i(s) by ~ E L actingon A*(L, A) as follows:

it vanisheson A°(L, A) = A, and we have, for ~ E L°,a E A~(L,A), n ~ 1,

(1.10) {i(~)a}(~1’••~’ ~n—1 ~ = ~
1)aEaa(~~ en~i)

i(~)is a derivationof A*(L, A) of (total) grade 1 + a~in the sensethat

(aE A~(L,A)
(1.11) i(~)(aA j3)={i(~)a}A!3+(— l)(~at)aaaAi(~)13.~

~I3EA~(L,A)

The generalizedcovariant derivative .5 is, on the other hand, as follows:

one specifiesa gradedunital right A-module (8)E equippedwith anE-connection

(i.e. a grade zero linear mapp from L into the graded~-derivationsof E suchthat

(1.12) p(~)(Xa)= {p(~)X}a+ (— l)ataXX(~a),XEE, a EA

Co(L’)X’CK’~’, i,j EZ/2),

with the correspondingcurvature

(1.13) f2~(~,t~)= [p(s), p(17)] — p([~,s~J)

(6) An odd derivationof A*(L, A) of N-grade one is a linear operatorD of total gradeone

mappingA~(L.A) into ~
1(L, A),n EN, fulfilling

D(a
1 A a2) = (Da1)A a2 + (—If~°’~ ADa~,a1, a2 E A*(L, A)~).

Suchderivationsaredeterminedby their actionsin grade0 and1.

(~)Hence(A*(L, A), A, 6) becomesagradedcommutativedifferentialalgebra.

• (8) i.e. E = £0 ~ E
1 is a gradedvector spaceon whichA actslinearly on the right with

E~A’CE’~1,i,/EZ/2and(~a)b=~(ab),IA~=~,~EE,a,bEA.
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(expressingthe failure of p to be a representationof the Lie algebra L). The
connection p is called flat whenever&2 = 0, and local wheneverp@-~)= ap(~),

EEL, ~EA.

One then builds the spaceon which .5 actsas the direct sum of spacesof

gradedalternate(9) n-formson L with valuesin E:

(1.14) A*(L,E)= n A°(L,E)
nEN

(A°(L,E) = E)

alsodefinableas the tensorproduct (10)

(l.14.a) A*(L,E)=E® A*(L,A)
A

(via the identification

(1.15) (Xøa)(~1,. . . , ~) = (~lY~
1Xa(~

1,. . . ,

XEE, aEA°(L,A), ~ ~ EL)

andthus becomingaright A*(L, A)-module,with

(1.16) (X®a)13=X®(aAj3),XEE,a,I3EA*(L,A).

.5 is then defined as the sum .5 = + p A of the odd 6-derivationsof N-grade

one (11) 6~,andp A of A*(L, E),respectivelyspecified by the following actions

in gradeOandl:one has,for X0 E A
0(L, E)=E’, X

1 EA’(L, E)’, and ~ EL
~.60X0(~1)= 0

(1.17)

resp.

(9) See[1], Appendix B, for thedefinition of gradedalternateforms.

(‘°)Quotientof theusual tensorproduct by the relation (Xa) ® a = X® (a A a), XEE,
aE A*(L, A),a EA.

(“)An odd 77-derivation of A*(L, F) of N-gradeone, i~an odd derivation of A*(L, A) of
N-grade one,is a linear operatorD of total grade one mappingA°(L, E) into A°~‘(L, F),
fulfilling

D(Xrs)=(DX)a +(— 1)~’X(77a),XEA~(L,E),aEA~(L,A).

Sucha D is determinedby its actionin grade0and 1.
For explicit expressionsof the actionsof pA and on n-forms,we refer to [1], (3.1,2,3).
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(pA X0) (~,) = (_ 1)a~1Xop(~)X

(1.18) (p AX1) ~ ~ = (. ~)a~1a0x,p(~){X(~)}

— (__ )at2 (a~x, +at1 )p(~2) { A1 ~

We shall also need the innerproduct1(E) by E E L acting on A*(L, E) asfollows:

it vanishes on A°(L, E) = E, and we have, for ~ EL
0, A E A~(L, E), n � 1,

,~EL:

(1.19) {i(E)X) (~ ~ ) = (_ 1)a~axX(E, ~, . ‘ Eni)

Now i(E) is a E-derivationof (total) grade 1 + ~ of the module A*(L, E):

IX E A*(L, E~
(1.20) i(E)(Xa) = ~i(E)X}a + (..... ~)(1+

t~A*(L, A)

Note that .5 and i(E) in (1.10) are in fact the specialcasesof 6/3 and i(E) in
(1.19) correspondingto the choice of A itself as the left A-module E, with

p(~)a=~a,EEL,aEA.
Finally we shallneedthe operatorsd(E), resp.p(E), ~E L’, actingon A*(L, A),

resp. A*(L, E) as follows: for ~ E L, a E A*(L, A), XE A*(L, E), and~
~ EL, we have

(1.21) {d(E)a} (E~, . . . , ~) = (— I)~~p(~)~d(E
1,. . ,

and

(1.22) {p(E)X) (~, . . . , ~ ) = (— I )t~tp(~) {X(E1 , . . , E,, )}

(note that d(E) is a special case of p(E) corresponding to E = ~tand p the map

(1, 2), to which d(fl reduces in order zero). p(s) is a d(E)-derivation of (total)
grade ~ of the module A*(L. E): one has

(XE M(L E)’
(1.23) p(E)(Xa)= {p(~)X}a+ (— I )~AX{d(E)a},,~

(aE A*(L, A)

which in the particular qase E = ~, p = d, reduces to

(a E A*(L, A)
(1.24) d(E)(aA 13) = ~d(E)a}A 13 + (— 1)ataaaA ~d(E)/3}4

I(3EA(L,A)

§2. THE KOSZUL FORMULAE

We now consider the special case where L is a finetely generatedfree
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A-module (12), i.e. possessesa dual base (ei, �1). 1 r’ consistingof k ele-

mentse
1 E L, and k A-linear forms c’ F —~A,fulfilling the duality andcomplete-

nessrelations (13):

(2.1) e’(ek)=6~ ‘A’ i,k=l r

(2.2) e.e~= idE

(i.e. = ~ e.e’(.~)= ( l)~i~+ aE)Ei(E)e, EEL.)

Then there is a useful expansionof the aboveoperators6~,dA, resp. 6~,pA

in termsof the dualbasis,givenby:

PROPOSITION (The Koszul Formulae). Let (L, A) be a graded Lie Cartan pair

such that the A-moduleL is free, with dual base (e1, e’). 1 ~ consisting

ofhomogeneouselements(so that (14)

(2.3) a0�’= ae1, i = 1 r),

and let p be a local E connection. Then, with c~,the structure constantsof L

in thebasise1:

[es, e.] = ekc..= (_ 1)aek(1+ aei+ae/)c/~ek

(2.4) k=0 k=0

(i.e.c~=ek([e~,ej]), i,j, k= 1,... ,r,

we have the following formulae (15) for the generalized covariant derivative

.5 = + dA resp.generalizedcovariant exteriorderivative .5 = + p A

(12) Always thecaseif A = (1

(13) Thecompletenessrelation is understoodin the sensethat ~ e1e’(~)= ~ for all ~ EL

(e1e
1,the composition of themapse’: F -* A ande

1:A-+E asthe map:A~ a —~ e~aEE), with
Eturned into a rightA-moduleby the conventionXa= (~l)~~~aX,XEE’, aEA’.

(14’) As follows from (2.1) and definition (1.7).

(‘~)Notethat (25) is the special caseof (2.6) correspondingto F = if, p = d. In fact the
locality of the E-connectionp is neededonly for proving the secondline in (2.6). The first
line (2.6) and(2.7) hold for a generalp.
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r (~1)a~
(2.5) = c.~(e’A)(eJA)i(ek)

i,f,k=1 2

dA = (— l)aei(eiA)d(e~)

resp.

r ~ l)~~
(2.6) 6~= c~,(el.)(e’. ) i(e,~)

i,f,k=1 2

E (~1)
1~j(e~)p(e

1)

(here (aA), a E A*(L, A) denotestheoperator:wedgingfrom theleft in A*(L, A)
by the elementa; whilst (a.) denotesthe left multiplication by a in A*(L, E)

consideredasa left A*(L, A)-module-cf.footnote (13)).
Note that, in the caseof the <(degenerate>>Lie-Cartan pair (L, if), L a Lie

(super)algebra (where we have Ea = 0, E E L, a E if), .5 is the coboundaryoperator
of the cohomologyof L; whilst .5 is the coboundaryoperator of the Chevalley

cohomology of L with values in the representationspaceE (observethat, in

that case,we haveci = 0, hencep is a Lie-(super)algebrarepresentation— cf.
(1.3) above). Formulae (2.6) then yields the (Z/2-gradedgeneralization)of the
familiar form of the BRS operator (cf. e.g. [3] Vol. 1, (3, 2, 4)), where the
id e(e’A) correspondto theghosts,andthe i(ek) to the antighosts).

For the proofof the Proposition,we will needthe

LEMMA. With the assumptionsand notation in the aboveProposition, wehave

that, for i, /, k, a, 13 = 1 r

r ( 1)aei

(2.7) 6e
1’ = ~ 2 c

1k~e
1 A e1 =

i,j= 1

r (,)ael

2 c~e’Ae1
1,/= 1

stemmingfrom thefacts that

(2.8) 6e’~(e.,e) =—c~’‘A’

and
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(2.9) (_~~1)ae~5(~aA e~)(e~~e.) = {(— 1)aeIaeJ.5a.5I3—

hence

(2.10) (~l)~c~(enA e~)(e1, e) = — 2c~
1A

a ,fI = 1

Proofof the Lemma. (2.7) follows from (2.8) and (2.10). Now (2.8) is obtained

by making a = ek, E
1 = e1 , = e2 in the secondequation(1.8) whosetwo first

terms on the r.1.s. vanish owing to (1.8). For checking (2.10) we first notice

that (2.9) stemsfrom making ~ = ~ ~2 = e~in (1.6), takingaccountof (2.1)

and (2.3). Now we have,from (2.9)

(2.11) ~ c~(—l)aea(eaA e#) (e1, e)
a ,~3 1

= ~ c~{(—J)aeiaef 5f—67~f}‘A
ajl= 1

= (~ l)~~! c
1~—c~. = — 2c~.1JI I) 1/ A

Proof of the Proposition. We prove the first relation (2.5) by showingthat its

r.h.s., say 6~,is a grade-onederivation of A*(L, A) wich coincides with
in grade0 and 1 (henceeverywhere).We haveindeed,foraEA(L,A),/3EA(L, A),

using (1.11):

r (
1)aei

6~(aAj3)= 2 c~e’Ac
1A Ri(ek)a A /3 + (— l)(1+ aek)aaaAi(ek)(3}

i,j= 1

r (—
1)aei

2 c~e’Ae’Ai(ek)a~A/3

(2.12) r
+ ( l)(1 + aek)aa+ aaaekaA ~ U~’c~&Ac’ A i(ek)/3

i,j= 1

= (6~a)A/3+(~ l)aaaA (6~i3)

whereweusedthefact that

(2.13) a(c~c’A c’) = ~0e~’ + ae~+ öe1 + 1 + + I +

= aek



THE KOSZUL FORMULAE FOR GRADED LIE-CARTAN PAIRS (SUPER BRS OPERATOR) 531

and we have, on the other hand, that vanisheson A°(L, A) since i(E) does,

EEL; and that it actsas follows on A1(L, A)owing to (1.10),(2.1):

r ( ,)aei
(2.14) ~ = c1~e~Ac’ A[i(ek )~Q= (.....l)aek(1+1e

2).5Q]

i,f,k=1 2

r (— 1)aei

= ~ 2 c~,e’Ae’
i,j= 1

identicalwith (2.7).

We now prove the secot~drelation by the same technique,by showing that

its r.h.s., say d’A, is a grade one derivation of A*(L, A) coinciding with d A
in gradezero and one: indeed we have, on the one hand, for a E A*(L, A),

/3 E A*(L, A), andeachof the summandsof d’ A, using the derivationproperty

of d(e1),and(2.3):

(2.15) (e’A) d(e.) (a A /3) = e~A d(e1)a A (3 + (— 1)~’~aAd(e1)/3}

= e
1 A (d(e

1)a)A (3 + (— 1)(ael÷aei)aaaAfiAd(e)(3

= {(e~A)d (e~)aA (3 + (— 1 )aaaA (e’ A) d(e1)f3)

and,on theotherhand,on a E A°(L,A) =A

(2.16) d
1 A a = (— 1 )aeiCi A (eta) = ~ ~)aef+Ô�’Ô (ei~~)(e~a)A e~

hence,for ~ E L, using the first line in (1.6), the secondline in (2.2), (2.3),

(1.3)and the first line (1.9)

(2.17) (d’ Aa) (~)= ~ (_ ae
1+ ada (e,a)+a(e1a)~

= ( 1 )ae,+ ae~a(e,c)+a (e,a)(ae,+ at)ei(E)(ea)

= (_ 1 )aei+ a(eja)at+ ae1(1+ at)Ei(ea)

= (~I)~ t(Ea) = (dAa)(E)

whilst we haveon ~‘ E A’ (L, A), for (~,E2) E L, using the secondline in
(1.6), (1.21),thesecondline in (2.2),(1.3) andthesecondline in (1.9)
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(2.18) (d’ A ~)(E1E2) = (— i ‘�~ A d(e1)~}(E,E2)

= (— 1 )~f+ a0~) a~,e’(E, )(— 1 )aeie{~(E)}

— (— 1 )at2 (a(1 + ae~+ao~~)ei(E)(— 1 )~~ef{~(E1)}

= r 1 )~t+ a0~ + ae1+ael(I + at~~E~e.{~,(E2)}

— (— i )a~(at. + ae1+ a0 ~) + aei+ a,~(1+ at2)Eze{E(E)}

= (— 1 )bO /3~E1E1 {~(E2)} — (— ~ (a~1+ a0

= (d A ~) (E1~E2)

completingthe proof of (2.5). We now prove the first line in (2.6). It is enough

to check equality of the two sides on all productsXa, X E F, a E A*(L, A):

now, we have,by (1.20), sinceX vanisheson A°(L, F):

r (— l)aef
(2.19) ,~ c~~(e’.)(e

1. )[i(ek )(Xa) = (— 1 )(1 + aek)axXi(ek)a]
i,j,k=1

(~
1)a~

= ( 1)ax(1+ lek + Ic ~+ a�~+ae/)X (Cf A)(e’A)i(ek)a

i,j,k=1 2

= (~1)’~X.5~= 60X + (— l)axXda

= 60(Xa)

wherewe usedthe fact that, from (2.3), (2.4)

(2.20) ac’~= aeIc([e~,e.]) = aOck + ae1+ ae1 = aek + ae + a�

The proof of the secondline in (2.6) is analogous:we have,using (1.23), and

thederivation propertyof 6A:

(2.21) (~1)ae/(e/.)p(e1)(Xa)

= (~l)~~(e’.)[(p(ef)X)a + (— 1 )aefaxXd(e1)a]
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= (~1)�’(~(~,)x)~

+ (~l)~~ad)aX X(— I )aei(CIA) d(e1)a

= (p AX)a+ (— 1)IA’X(dA a)

= p A (Xa).

Wehere use the property

(2.22) ~ i = ~ AX

which is proven-as follows. ConsideringA*(L, F) as a left A*(L, A) module
(cf. footnote 13) relation (1 .15) is convertedinto

(2.23) (aX)(E1,... ,E~)=(~1)
1°’~~Xa(E

1,. ..

Using this, the secondline of (2.2), and the locality of theE-connectionP we

have,for E E L

(2.24) (— 1)ae1e1p(ef)X~(E)

= (...... ~)ae,+ ae,(aej+ aX)(p(e)X) (e’(E))

= (_ ~)-aejaX + (ae1+ aX)(ae~+at)ei(E)p(e)X

= (~i )axat+ ae1(aej+a~)+aej(1 +

= (~l)ax~,(~)X= ~o AX) (~)
(cf. the first line (1.18)). The locality of a was only used in the derivation of

(2.22).
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